Necessary conditions for the existence of (3; 6) generalized Whist tournament designs on v players are that v ≡ 0; 1 (mod 6). For v = 6n + 1 it is shown that these designs exist for all n. For v = 6n, it is impossible to have a design for n = 1, but for n ¿ 1 it is shown that designs exist, except possibly for 73 values of n the largest of which is n = 199. A solution is also provided for the only unknown (v; 6; 5) RBIBD, namely, v = 174.
Introduction
In an earlier study [1] the concept of a generalized Whist tournament design was introduced. The deÿnition given below is less general than that given in [1] but is su cient for the present purposes. Deÿnition 1.1. Let t; k be integers such that t | k. Let v ≡0; 1 (mod k). A (t; k) generalized Whist tournament design on v players, denoted by (t; k) GWhD(v), is a (near) resolvable (v; k; k − 1) BIBD on the v-set X whose blocks can be partitioned into k=t subblocks in such a way that (1) each subblock consists of t players, (2) players appearing in the same subblock are designated as partners (or teammates), (3) players Performing such rearrangements to every block of the RPMD and maintaining the (near) resolvability as in the RPMD the claim is that this collection of rearranged blocks constitutes the (t; k) GWhD(v). Clearly the above rearrangement indicates that any player, say x, partners those players, and only those players, that are e units apart from x, that are 2e units apart from x; : : : ; and that are (t − 1)e units apart from x. Thus if y is any player distinct from x then it follows that y partners x exactly t − 1 times since in the RPMD the pair x; y occur e units apart exactly once, 2e units apart exactly once; : : : ; (t − 1)e units apart exactly once. Since the totality of blocks in which the pair x; y occur together is k − 1 it follows that y is an opponent of x exactly k − t times. Clearly this design is directed.
An immediate corollary is the following. Corollary 2.3. If t 1 and t 2 are such that t i | k; i =1; 2 then there exists a directed (t 1 ; k) GWhD(v) if and only if there exists a directed (t 2 ; k) GWhD(v).
If v =kn + 1 is an odd prime power and if k = et, it can be determined from the proof of Theorem 3.8 in [1] that the initial round of a cyclic (t; k) GWhD(v) is given by the games (x a ; x en+a ; x 2en+a ; : : : ; x (t−1)en+a ; x n+a ; x (e+1)n+a ; x (2e+1)n+a ;
: : : ; x ((t−1)e+1)n+a ; : : : ; x (e−1)n+a ; x (2e−1)n+a ; : : : ; x (te−1)n+a )
for a =0; 1; : : : ; n − 1:
Here x denotes a primitive element for GF (v) . Rewriting these games in the manner prescribed in Deÿnition 2.1 one obtains (x a ; x n+a ; x 2n+a ; : : : ; x (te−1)n+a ); for a =0; 1; : : : ; n − 1:
For this rewritten design the j-apart di erences, j =1; 2; : : : ; k − 1, are given by x sn+a (x jn − 1); s=0; 1; : : : ; te − 1; a=0; 1; : : : ; n − 1. These are precisely the elements of GF(v)\{0}; consequently we have established the following theorem.
Theorem 2.4. If v = kn + 1 is an odd prime power then there exists a cyclic directed (t; k) GWhD(v) for every t such that t | k.
In the sequel considerable use will be made of group divisible designs, transversal designs, pairwise balanced designs and frames. Deÿnitions and pertinent information related to these structures can be found in [9] . Additional excellent references are the texts [5, 8, 10] .
Examples and constructions
In this section we provide speciÿc examples of (3; 6) GWhD(v)s and (3; 6) GWhFrames that are important for our subsequent existence arguments. (b) The initial round of a cyclic (3; 6) GWhD(25) is given by the following 4 games. We take as our point set X = Z 25 .
(8; 14; 7; 22; 13; 10) (17; 6; 3; 15; 23; 2); (20; 12; 21; 1; 5; 24) (19; 9; 4; 18; 16; 11):
(c) The initial round of a 1-rotational (3; 6) GWhD(30) is given by the following 5 games. We take as our point set X =Z 29 ∪ {∞}.
(∞; 0; 7; 18; 20; 26) (11; 15; 17; 5; 16; 13) (14; 4; 1; 10; 21; 25); (28; 8; 9; 6; 22; 23) (19; 24; 2; 12; 3; 27):
The initial round of a 1-rotational (3; 6) GWhD(36) is given by the following 6 games. We take as our point set X = Z 35 ∪ {∞}.
(∞; 0; 33; 14; 23; 32) (1; 25; 26; 12; 18; 31) (6; 20; 21; 4; 10; 27); (7; 11; 22; 9; 16; 19) (2; 29; 34; 3; 17; 30) (5; 24; 28; 8; 13; 15): Deÿnition 3.2. A (k; k − 1) frame is said to be a (t; k) GWhFrame (alternatively, the (k; k − 1) frame is said to possess the (t; k) generalized Whist property (the (t; k) GWhP)), if and only if each block can be subdivided into teams of t points (players) each so that every pair of points from distinct groups appear as partners (teammates) exactly t times and as opponents exactly k − t times. Furthermore if such a frame is directed then it will be denoted as (k; 1) FPMD.
Due to the exibility a orded by directed designs we will typically exhibit the blocks of such a design in the RPMD mode. If one wishes the associated (t; k) mode then the rearrangement process described in the proof of Theorem 2.2 would be employed. Example 3.3. A (3; 6) GWhD(96). We begin by constructing a directed RGDD with group type (12) 8 . Take as point set X = Z 84 ∪ {∞ 1 ; : : : ; ∞ 12 } and as groups g j = {7i + j: 06i611}; j=0; : : : ; 6 and g ∞ ={∞ The required base blocks to be cycled mod 228 for this RGDD are then B 1 plus B i ; 49B i + 76 and 121B i + 152 for 26i614; these blocks form a parallel class. For this purpose, we deÿne ∞ j+1 =49∞ j + 76 and ∞ j+2 = 121∞ j + 152 for j =1; 4; 7; 10.
We deÿne a (k; ) GDD of type g m u 1 to be partially resolvable if its blocks can be partitioned into (1) a number of parallel classes plus (2) some partial parallel classes which miss only the group of size u. Counting the number of replications of each point reveals that the number of parallel classes must be (v − u)=(k − 1), and the number of partial parallel classes must be (u − g)=(k − 1); since this last value must be ¿ 0, we require u¿g for such a design. If further, (u; k; ) and (g; k; ) RBIBDs exist, then such a GDD can be used to obtain a (gm + u; k; ) RBIBD in which the parallel classes are of 3 types. Firstly, (v − u)=(k − 1) parallel classes come from the GDD. Secondly, (u − g)=(k − 1) classes are obtained by combining a partial parallel class from the GDD with a parallel class from a (u; k; ) BIBD on the size u group. There then remain (g − 1)=(k − 1) unused parallel classes in this BIBD; each of these unused parallel classes is then combined with 1 parallel class from a (g; k; ) BIBD on each of the other groups. It is also not hard to see that if the GDD plus the ÿlling (u; k; ) and (g; k; ) RBIBDs all possess the (t,k) GWhP, then so does the resultant (gm + u; k; ) RBIBD.
The next lemma gives some GDDs of this type. Proof. These designs are constructed like those in Example 3.4. In each case, we take the point set as X =Z gm ∪ {∞ 1 ; ∞ 2 ; : : : ∞ u }; for gm = 156; 168 and 228, respectively, we take w =61; 25 and 49 as a cube root of unity in Z gm . In each case we give some initial base blocks B i ; base blocks to be cycled mod gm are then B i ; w · B i + gm=3, and w 2 · B i +2gm=3. For this purpose, for i =1; 4; 7; : : : ; u−2 we deÿne ∞ i+1 = w · ∞ i +gm=3 and ∞ i+2 =w 2 · ∞ i + 2gm=3. For some values of i; B i = w · B i + gm=3 in which case these 3 blocks are identical and should be included once only. Also, in each case we indicate which base blocks generate the partial parallel classes; in each of these blocks all points are distinct mod 6 and for 06x65, adding x; x + 6; x + 12; : : : ; x + gm − 6 to such a block produces a partial parallel classes missing the inÿnite points. The remaining base blocks form a parallel class.
Type 12 and ÿll in the groups with (12; 6; 5) and (18; 6; 5) RBIBDs; (18; 6; 5) RBIBD solutions can be found in [6, 11] .
In Theorem 7.30 of [3] , it was noted that a (v; 6; 5) RBIBD exists for all positive integers v ≡0 mod 6 except possibly v =174. Updating this result, we now have the following theorem: 4; 4)). Multiply B 1 and B 2 by (1; y) for y =1; 2; 4 to obtain a partial parallel class that misses the group g 0 . Development of this partial parallel class modulo (5; 7) produces 35 partial parallel classes for which each group is missed by exactly 5 of these partial parallel classes. The set of 6 blocks B x where B x =((x; 1); (x; 2); (x; 4); (x; 6); (x; 5); (x; 3)) for x ∈{Z 5 ∪ {∞}} constitutes a partial parallel class that misses g 0 . Development of this partial parallel class modulo (−; 7) yields a 6th partial parallel class for each group. It is easy to show that this frame possesses the (3; 6) GWhP. Example 3.9. A (3; 6) GWhFrame with group type 6 9 . The point set is X = {Z 4 ×Z 12 }∪ {∞ 1 ; : : : ; ∞ 6 }, and the groups are g ∞ = {∞ 1 ; : : : ; ∞ 6 } plus g ij = {(0 + i; 2k+j): k =0; 1; 2; 3; 4; 5} for 06i63 and j =0; 1. A partial parallel class that misses the group g ∞ is obtained by adding (0; 3x) and (1; 3x) for x =0; 1; 2; 3 to the block ((0; 6); (2; 1); (3; 11); (2; 6); (0; 1); (1; 11)). A second partial parallel class that misses the group g ∞ is obtained by adding the same 8 ordered pairs to the block ((0; 0); (2; 11); (3; 7); (2; 6); (0; 5); (1; 1)). 6 partial parallel classes that miss the group g ∞ are obtained by adding (0; y); y =0; 1; 2 to each of these partial parallel classes. A partial parallel class that misses the group g 00 is given by the following collection of 8 blocks.
( (2; Developing this latter partial parallel class modulo (4; 12) completes the frame. It is not di cult to verify that this frame possesses the (3; 6) GWhP. Deÿne an automorphism T of order 3 on the points by T (z; a; b; c)=(z; 2a+b; 2a; a+c) and T (∞ i )=∞ i+1 ; i=1; 2; 4; 5; T (∞ 3 )=∞ 1 ; T(∞ 6 )=∞ 4 . Apply the group of order 3 generated by T to B 2 ; B 3 ; B 4 to obtain 9 blocks which form a partial parallel class that misses the group g 00 . Development of this partial parallel class via the elements of Z 2 ×Z 3 ×Z 3 ×Z 3 produces 54 partial parallel classes precisely 6 of which miss each group g xy . Indeed, noting that the groups g xy occur in additive inverse pairs with g 00 a self inverse, it is clear that if w denotes the additive inverse of an element in g xy then adding w to each element of g 00 produces the group that is the additive inverse pair to g xy . Adding the 9 values 00xy; x; y ∈Z 3 to the block B 1 yields a partial parallel class that misses g ∞ . Developing this latter partial parallel class modulo (2; 3; −; −) gives 6 partial parallel classes that miss g ∞ . It is a straightforward exercise to verify that this frame possesses the (3; 6) GWhP.
Example 3.11. There exist (3; 6) GWhFrames with group type 1 6s+1 for every s for which there exists a (3; 6) GWhD(6s+1). Indeed, if X denotes a set such that |X |=6s+ 1 then the groups of the frame are {x}; x∈X and the partial parallel class that misses the group {x} is the round of the (3; 6) GWhD(6s + 1), constructed on X , that omits x. Note, in particular, that there exists a (3; 6) GWhFrame with group type 1 37 .
Example 3.12. A directed (3; 6) GWhFrame with group type 1 36 7 1 can be obtained as follows. Take as point set X = Z 36 ∪ {∞ 1 ; : : : ; ∞ 7 } and for groups take g x = {x}; x∈Z 36 and g ∞ = {∞ 1 ; : : : ; ∞ 7 }. One partial parallel class that misses the group g ∞ is given by the six blocks obtained by adding 0; 1; 2; 3; 4; 5 to the block (0; 6; 12; 18; 24; 30). A second partial parallel class that misses the group g ∞ is given by the 6 blocks obtained by adding 0; 6; 12; 18; 24; 30 to the block (0; 22; 21; 32; 7; 23). If we label this latter partial parallel class as A then 5 additional partial parallel classes that miss the group g ∞ are obtained by adding 1; 2; 3; 4; 5 to A. A partial parallel class that misses the group g 0 is given by the following 7 blocks. If we denote this latter partial parallel class by B then adding x to B; x ∈Z 36 , produces a partial parallel class that misses the group g x . It is a routine matter to show that this frame is directed. Example 3.13. A directed (3; 6) GWhFrame with group type 1 35 7 2 can be obtained by ÿrst forming a 7-GDD (1  35 7 2 ) which is obtained by forming a resolvable (49; 7; 1) BIBD, and taking 2 blocks in one of its parallel classes as groups. On each block in this GDD, we form a directed (3; 6) GWhD(1 7 ) (or directed (3; 6) GWhD (7)). For any point x, take the partial parallel classes in the directed (3; 6) GWhD(7)s on all blocks from 7-GDD(1 35 7 2 ) that contain a point in the same group as x; these constitute a partial parallel class missing the group containing x. There are 1 or 7 such partial parallel classes, depending on whether x is in a group of size 1 or 7. It is clear that the frame constructed is a directed (3; 6) GWhFrame. A more general form of this construction is given later in Theorem 4.10.
Using a method somewhat analogous to that employed in Example 3.13 one can obtain a (3; 6) GWhFrame with group type 1 36 .27 and 5.29 below). They also provide an essential tool for the following "Oval Point Construction". Note that, in the proof of Theorem 3.14, the production of the TD(q + 1; q) can be brought about in a variety of ways. The approach employed here is in keeping with some of the speciÿc (3; 6) GWhD(v) constructed later (see Example 5.8).
Theorem 3.14. Suppose that q is an odd prime power such that q ≡5 (mod 6) and q¿73. Then (a) if (3; 6) GWhD(v) exist for each of v =q + 1; q + 7; q + 13 then (3; 6) GWhD(z) exist for all 37q + 16z637q + 445; z≡0 (mod 6), (b) if (3; 6) GWhD(v) exist for each of v = q + 1; q + 7 then (3; 6) GWhD(z) exist for all 37q + 16z637q + 223; z≡0 (mod 6), (c) if (3; 6) GWhD(v) exist for each of v = q + 7; q + 13 then (3; 6) GWhD(z) exist for all 37q + 2236z637q + 445, z ≡0 (mod 6), (d) if (3; 6) GWhD(v) exist for each of v = q + 1; q + 13 then (3; 6) GWhD(z) exist for all z =37q + 1; 37q + 13; 37q + 25; : : : ; 37q + 445.
Proof. Begin with the projective plane PG(2; q) and let O denote an oval in this projective plane. Of course O contains q + 1 points. Select a non-oval tangent point, say x, and eliminate this point from the design using its lines to deÿne the groups of a TD(q + 1; q). Note that, in the original PG(2; q); x belonged to 2 tangent lines and s =(q −1)=2 secant lines, thus there are s groups in the TD(q +1; q) that contain 2 oval points and 2 groups that contain 1 oval point. Since s¿37 one obtains a TD(37; q) with 37 groups each having 2 oval points simply by deleting groups until there are 37 left, being careful to ensure that the remaining groups are those that have 2 oval points.
Next one gives r of the oval points a weight of 7; 06r674, and proceeds precisely as in the proof of Theorem 5.29 using the construction contained in Theorem 5.27. Since the details are elaborated below we will not repeat them here.
Remark 3.15. If q ¡ 73 then one can still utilize the approach employed in Theorem 3.14 with shortened ranges for the z. A special case to be employed later is that of q = 71. Here the TD(q + 1; q) will contain 2 groups with 1 oval point and (q − 1)=2 = 35 groups with 2 oval points. In addition here, we have (3; 6) GWhD(v) for v = q + 7; q + 13, but not q + 1. Thus one constructs the TD(37; q) by retaining these 37 groups and deleting all others.
Remark 3.16. In the proof of Theorem 3.14, we pivoted on a non-oval tangent point. If we had chosen an oval point to pivot on, then we would have constructed a TD(q+1; q) with q groups containing a single oval point, and one group containing no oval points when q is odd (and q + 1 groups containing a hyperoval point when q is even). 
Existence for the case v =6n + 1
The following two results already appear in the literature and considerably facilitate obtaining new existence results for (3; 6) GWhD(6n + 1). . Suppose we have an RTD(km + 1; kn + 1) which is given by a km + 1 by kn + 1 di erence matrix over an Abelian group, G, of order kn + 1 and a (kn + 1; k; k − 1) NRBIBD which is generated by a di erence family over G. Suppose also, 06w6n, and a (km; k; k − 1) RBIBD, a (km + 1; k; k − 1) NRBIBD plus a (kw + 1; k; k − 1) NRBIBD all exist. Then a (km(kn + 1) + kw + 1; k; k − 1) NRBIBD exists. Furthermore if the RBIBD and all the input NRBIBDs have the (t; k) generalized Whist property then so does the resultant NRBIBD. Proof. All indicated cases can be handled via an application of Theorem 4.5. In each case k = 6 and the Abelian group is GF(6n + 1). In all cases it is a fact that 6n + 1 is a prime or a prime power greater than or equal to 13 (and, of course, greater than or equal to 6m + 1) thus the existence of the required km + 1 by kn + 1 di erence matrix is guaranteed by Corollary 2.5.4 in [10] . We indicate the appropriate values as 4-tuples in the form (v; km; kn + 1; kw + 1). Proof. Let S i ; (i =1; : : : ; n) be the groups of sizes s i in the original frame, for TD(k; g) we take the groups as x ×G where x ∈I k and G is a set of size g. Proof. Add a new point, say ∞, to the frame, and on each group of size ks i (16i6n) form a (t; k) GWhD(ks i + 1). The partial parallel class missing ∞ is obtained by combining the partial parallel classes missing ∞ from each (t; k) GWhD(ks i + 1). The partial parallel class missing any other point x, in a group of size ks i , is obtained by combining a partial parallel class from the frame missing this group and the partial parallel class missing x in the (t; k) GWhD(ks i + 1) on this group plus ∞. Theorem 4.9. If v ∈{205; 265}, then there exists a (3; 6) GWhD(v).
Proof. These designs are obtained using Theorem 4.8. For v = 205; 265, take the (3; 6) GWhFrames of types 6 31 18 1 and 12 19 36 1 in Examples 3.17 and 3.18; add an inÿnite point and form a (3; 6) GWhD(w) for w =7; 13; 19; or 37 on each group of the frame plus an inÿnite point.
Our main tool for resolving the ÿnal v =6n + 1 cases is a variation of Wilson's fundamental construction. Proof. Take a TD(k; m) for k = 8 or 9, and truncate one group to size s. Then give all points a weight of 6 in Theorem 4.10 to obtain (3; 6) GWhFrames of type (6m) k−1 (6s) 1 using (3; 6) GWhFrames of type 6 n , (n =7; 8; 9) as ingredients; ÿnally apply Theorem 4.8. These ingredients are given in Examples 3.8 and 3.9 for n =7; 9; for n =8, delete 1 point from AG(2; 7) and using a (3; 6) GWhD(7) (treated as a (3; 6) GWhFrame of type 1 7 ) as the ingredient in Theorem 4.10 to give a (3; 6) GWhFrame of type 6 8 . The values of (k; m; s) needed are (8; 8; 3); (8; 9; 6); (8; 11; 5); (9; 13; 4); (9; 13; 7), (8; 16; 4) .
Combining all of the materials of this section enables us to state the following existence result for the case v =6n + 1. 
Existence for the case v =6n
Towards the end of this section we prove the asymptotic result that (3; 6) GWhD(6n) exist for all 6n¿6624. First, we focus on those cases with 6n¡6624 using several constructions that already appear in literature along with examples and constructions introduced in this study. We point out that for economy of space, we have employed a presentation that is not strictly sequential; some examples require information that is found in examples occurring later in the exposition. Recall that a (3; 6) GWhD(12) appears in Example 1.2 and that (3; 6) GWhD(6n)s for n =4; 5; 6; 16; 30; 31; 32; 33; 40; 43; 44 appear in Section 3. Note that the designs for n =16; 30; 31; 40; 43 and 44 contain several disjoint (3; 6) GWhD(12) subdesigns. The following theorem is a special case of Theorem 5.5 that guarantees, under the conditions speciÿed, that the resultant design is cyclic. An analog of this theorem is established in [3] . The terminology "Z-cyclic" means that the underlying point sets are, respectively, Z Q ∪ {∞}; Z P and Z QP ∪ {∞}.
Theorem 5.6. Let Q¿5; Q≡5 (mod 6); P≡1 (mod 6), where Z-cyclic (3; 6) GWhD(Q +1) and (3; 6) GWhD(P) and a (Q; 7; 1)-DM exist. Then a Z-cyclic (3; 6) GWhD(QP +1) exists. This latter design contains a (Q +1; 6; 5) RBIBD subdesign that possesses the (3; 6) GWhP.
Example 5.7. The following data re ect those values of v for which a (3; 6) GWhD(v) can be constructed via Theorem 5.5. The data are in the form (v; Q; P; a), with a = Q if Theorem 5.6 applies, and in the form (v; 6n − 1; 6m + 1; a), with a = n otherwise. Note that Theorem 5.6 covers the same parameter sets as Theorem 5.5. Deÿnition 5.9. An incomplete RBIBD is a triple (X; W; B) that satisÿes the following:
(1) X is a ÿnite set of points and W ⊂ X ; (2) B is a collection of subsets of X , called blocks, such that every pair of points containing at least one member in X \W occurs in exactly blocks; (3) no block contains two members of W ; and (4) the blocks can be resolved into parallel classes or partial parallel classes that miss W . As notation, suppose |X |=v; |W |= w and that each block is of size k, then the incomplete RBIBD is denoted by (v; k; ) IRBIBD w .
A straightforward mechanism for constructing a (v; k; ) IRBIBD w is to begin with a (v; k; ) RBIBD that contains a (w; k; ) RBIBD as a subdesign and remove this subdesign. For constructions of this type, Theorems 5.1, 5.3, 5.5 and Theorem 5.6 are useful. Indeed the data associated with the application of these latter theorems are the basis for the subsequent results obtained through the use of IRBIBDs. For convenience we adopt the notation that the set P denotes those integers n for which there exists a (3; 6) GWhD(6n) and IP 6s denotes those integers m for which there exists a (3; 6) GWhD(6m) missing a (3; 6) GWhD(6s) subdesign. That is to say there exists an (6m; 6; 5) IRBIBD 6s that has the (3; 6) GWhP. . Suppose S = n j=1 s j , and there exists a (k; ) frame on S points with group sizes s i ; 16i6n. Suppose also, w¿1, and for each i¿2, a (s i + w; k; ) IRBIBD w exists. Then a (S + w; k; ) IRBIBD s1+w exists. If, in addition, a (s 1 + w; k; ) RBIBD exists then there exists a (S + w; k; ) RBIBD, which contains the design on s 1 + w points as a subdesign. Furthermore if the ÿrst frame plus the ÿlling IRBIBDs on s i + w points (i¿2) and the ÿlling design on s 1 + w points all possess the (t; k) generalized Whist property then so does the resulting RBIBD.
Theorem 5.11. Suppose there exist (3; 6) GWhFrames with group types 6 t for r6t6 r +n and a TD(r +n; m) exists. Let w¿0 and let s 1 ; : : : ; s n be such that 06s i 6m. Set S =s 1 + · · · + s n . If m + w ∈IP 6w and all the s i , except possibly s n , satisfy s i + w ∈IP 6w , then (rm + S + w)∈IP 6sn+6w . Furthermore, if s n + w ∈P, then (rm + S + w) ∈P.
Proof. Begin with the TD(r + n; m) and truncate n of the groups to sizes s 1 ; s 2 ; : : : ; s n . Give all points in this design a weight of 6. For an application of Wilson's Fundamental Construction (i.e., Theorem 4.10) ingredient frames of types 6 t ; r6t6r + n are needed and exist by hypothesis. Hence we obtain a (3; 6) GWhFrame of type (6m) r (6s 1 ) 1 : : : ; (6s n ) 1 . Fill these groups with 6w inÿnite points and apply Theorem 5.10 to obtain the (3; 6) GWhD(6(rm+S +w)) missing a (3; 6) GWhD(6(s n +w)) subdesign. If s n + w ∈P, then we can ÿll in this missing design to obtain (rm + S + w) ∈P.
Note that the construction embodied in the proof of Theorem 5.11 requires n + 1 consecutive integers t for which (3; 6) GWhFrames of type 6 t exist. The next few examples make extensive use of the frames with group types 6 7 ; 6 9 ; 6 10 , (given in Section 3) and type 6 8 which was given in the proof of Theorem 4.11. Proof. Apply Theorem 5.11 with r =7; n=3; w= 2. In the (a) t ∈P when 9(q − 2) + w6t610(q − 1) + w and q¿19.
(b) t ∈IP 6w ∩ P when 10(q − 2) + w6t610(q − 1) + w and q¿11.
Proof. The result (a) relies on successive members of P being within 9 of one another. We start with a TD(10; q), truncate one group and remove oval points from the other 9 groups, ensuring that each of these 9 groups loses at least one point. The construction employed in Theorem 3.14 ensures that these 9 groups each contain 2 oval points. In Theorem 3.4 we pivoted on a non-oval tangent point to produce our TD(q + 1; q), although any non-oval point would work for q¿19. If we pivot instead on an oval point, our TD(q + 1; q) will contain q groups with a single oval point, so in part (b) we remove a block from a TD(10; q), then remove 0 or 1 oval points from each group.
Finally, we give all points of these designs a weight of 6 in Theorem 4.10, then ÿll each group of the resulting frame with 6w inÿnite points and then apply Theorem 5.10 to obtain the desired result. Theorem 5.20. Let q¿23 be a prime power and let {q − 3 + w; q − 1 + w} ⊂ IP 6w ∩ P with w¿0. Then t ∈IP 6w ∩ P when 10(q − 3) + w6t610(q − 1) + w and t ≡w (mod 2).
Proof. We start by removing a block of TD(10; q) then remove a pair of oval points from as many groups as required. Finally, we give all points of these designs a weight of 6 in Theorem 4.10, then ÿll each group of the resulting frame with 6w inÿnite points and then apply Theorem 5.10 to obtain the desired result. Proof. For 6126v6648, start with a TD(10; 13) and delete 17; 18 or 19 points from two concurrent lines; we delete the point of intersection and either 8 or 9 other points of each line, making sure that every group loses at least one point, and the last group loses two points. Then, for 76x69 or x = 11, we delete x further points from the last group giving it a size of s with s ∈{0; 2; 3; 4}. For v = 654; 660, start with a TD(9; 13) and delete all points in 1 block (plus 1 extra point for v = 654), and for v = 606, we delete two parallel blocks from TD(9; 13).
Finally, we give all points of these designs a weight of 6 in Theorem 4.10, then ÿll each group of the resulting frame with 12 inÿnite points and then apply Theorem 5.10 to obtain the desired result. For v = 606; 654; 660, the intersection group only lost one point, so one of our ÿlling designs is a GWhD(84); therefore although the ÿlling process can destroy one of its 12 point subdesigns, there are at least 6 other disjoint ones remaining. For v = 606; 654; 660, every ÿlling design contains 84 or 78 points, so again a v = 12 subdesign exists. 
and there exists a (t; k) GWhD(|G i |+ 1) and (c) for each B j ∈B; |B j |≡1 (mod k), the following designs exist:
Furthermore assume there are two groups, say G ' ; G m such that (d) for all integers s; 06s6|G ' |, there exists a (t; k) GWhD(|G ' | + ks + 1) and (e) for all integers u; 06u6|G m |, there exists a (t; k) GWhD(|G m | + ku + 1).
Then there exists a (t; k) GWhD(v); v=w+ks+ku+1, for all 06s6|G ' |; 06u6|G m |.
Proof. Construct a new design as follows. In the two groups G ' , G m highlight s points in G ' and u points in G m as "selected points" subject to the conditions 06s6|G ' |; 06u 6|G m |. Replace each selected point by k + 1 new points both in the group containing the selected point and in every block that contains the selected point. In the resulting design one designates the groups by G * i and the "blocks" by B * j where |G * ' |= |G ' | + ks; |G * m |= |G m | + ku; |G * i |= |G i |; i = '; m. Also |B * j |= |B j |; |B j | + k, or |B j | + 2k depending on whether B j contains zero, one or two selected points. In each case replace the "block" B * j by the blocks of the appropriate (t; k) GWhFrame aligning the groups of order k + 1 with the new points. Each partial parallel class of this latter frame is to be assigned a label. Observe ÿrst that the frame index is k − 1 thus the number of partial parallel classes coincides with the order of the group that these partial parallel classes miss. Consequently we can arbitrarily label the partial parallel classes, one each, by the points in the missed group. This done, we next adjoin a single inÿnite point to each G * i and construct a (t; k) GWhD(|G * i | + 1) on the set G * i ∪ {∞} labeling the rounds by the elements of G * i . To see that we now have constructed the desired (t; k) GWhD(v) let x ∈X * . The union of all the rounds and partial parallel classes labeled x yields a round of the (t; k) GWhD(v). It is clear that the construction produces a design that possesses the GWhP.
Of course, one can employ the construction described in the proof of Theorem 5.27 even if the hypotheses regarding s and u are not completely satisÿed. That is to say, suppose it is known that (t; k) GWhD(|G ' | + ks + 1) exist only for s ∈S and that (t; k) GWhD(|G m |+ku+1 exist only for u ∈U (with s; u subject to the same inequalities as stated in the theorem) then it follows that (t; k) GWhD(v) exist for those v of the form v = w + ks + ku + 1; s∈S; u ∈U . This latter observation is illustrated in the next example.
Example 5.28. Set k = 6 and consider a TD(37; 83) (so that |G i |= 83 for all i). One can discern from the data of this section that (3; 6) GWhD(83 + 6s + 1) exist for each s∈{0; applies to u also. Thus with |B j |= 37 for all j and using the frames of Examples 3.11, 3.12 and 3.13 an application of the construction described in the proof of Theorem 5.27 yields (3; 6) GWhD(v), for all v such that v ≡0 (mod 6) and 30726v64068 except for 8 values of v in this range, namely, v = 3078; 3090; 3102; 3108; 3114; 3120; 3126; 3138. The reason for these missing cases is, of course, due to the fact that of the known solutions of the form 83 + 6s + 1; 83 + 6u + 1 there is no appropriate combination of s; u for which 37:83 + 6s + 6u + 1 is equal to any of the missing cases. Note that the exceptions v = 3108 and 3120 are covered by an application of Theorem 3.14.d with q = 83; for the others, see Example 5.25.
In the following theorem we apply Theorem 5.27 in the special case for which k = 6, each group G i is of the same size and |B j |= 37 for all j. Note that the required frames of types 1 37 ; 1 36 7 1 and 1 35 7 2 are given in Examples 3.11, 3.12 and 3.13, respectively. (a) TD(37; g i ) exists for all i =1; : : : ; n; (b) (3; 6) GWhD(g i + 1) exists for all i =1; : : : ; n; (c) 37g i+1 649g i for all i =1; : : : ; n − 1; (d) for each i ( ÿxed) and for each v such that v ≡5 (mod 6), 37g i 6v649g i there exist integers s; u such that:
(i) 06s; u6g i ; (ii) v =37g i + 6s + 6u; (iii) there exist (3; 6) GWhD(g i + 6s + 1) and (3; 6) GWhD(g i + 6u + 1); (e) g n ¿37g 1 .
Then there exist (3; 6) GWhD(v) for all v¿37g 1 + 1, v ≡0 (mod 6).
Proof. Certainly (a) -(e) coupled with Theorem 5.27 cover all such v for which 37g 1 + 16v649g n + 1. Note, in particular, that (d) implies that if 37g i 6v649g i then there exists a (3; 6) GWhD(v). Consider the sequence {h i } ∞ i = 1 deÿned by h 'n+s =7 2' g s ;
